Abstract. In this paper, we prove that: (1) Let f : G → H be a continuous d-open surjective homomorphism; if G is an R-factorizabile paratopological group, then so is H. Peng and Zhang's result [4, Theorem 1.7] is improved. (2) Let G be a regular R-factorizable paratopological group; then every subgroup H of G is R-factorizable if and only if H is z-embedded in G. This result gives out a positive answer to an question of M. Sanchis and M. Tkachenko [8, Problem 5.3].
Introduction
A paratopological group is a group with a topology such that multiplication on the group is jointly continuous. If in addition inversion on the group is continuous, then it is called a topological group.
For every continuous real-valued function f on a compact topological group G, one can find a continuous homomorphism p : G → L onto a second countable topological group L and a continuous real-valued function h on L such that f = h • p (see [5, Example 37]). The conclusion remains valid for pseudocompact topological groups, a result due to W. W. Comfort and K. A. Ross [2] . These facts motivated M. Tkachenko to introduce R-factorizable groups in [11] as the topological groups G with the property that every continuous real-valued function on G can be factorized through a continuous homomorphism onto a second countable topological group. The class of R-factorizable groups is unexpectedly wide. For example, it contains arbitrary subgroups of σ-compact (and even Lindelöf Σ-) groups, topological products of Lindelöf Σ-groups, and their dense subgroups [10] . For other properties of this class of topological groups, the reader is referred to [12, 13] . Similarly to the case of topological groups, M. Sanchis and M. Tkachenko introduced in [8] the classes of R i -factorizable paratopological groups, for i ∈ {1, 2, 3}. The need in the use of four different subscripts was due to the fact that the classes of T 1 , Hausdorff and regular paratopological groups are all distinct, while T 0 topological groups are completely regular. Definition 1.1. [8, 18] A paratopological group G is R 0 -factorizable ( R i -factorizable, for i = 1, 2, 3, 3.5) if for every continuous real-valued function f on G, one can find a continuous homomorphism π : G → H onto a second-countable paratopological group H satisfying the T 0 (resp., T i + T 1 ) separation axiom and a continuous real-valued function h on H such that f = h • π. If we do not impose any separation restriction on H, we obtain the concept of R-factorizability.
The following result shows that all R-factorizable and R i -factorizable, (for i = 0, 1, 2, 3) paratopological groups coincide. To solve this problem, the first author and S. Lin [17] introduce the concept of property ω-QU in paratopological groups (see Definition 2.2). They give this question a partial answer. In 2013, the first author, S. Lin and M. Tkachenko proved that: Every quotient of a totally ω-narrow (or Tychonoff)R-factorizable paratopological group G is R-factorizable Secondly. Recall that a subspace Y of a space X is said to be z-embedded in X if for every zero-set Z in Y , there exists a zero-set C in X such that Z = C ∩ Y . It was shown in [3, Theorem 2.4 ] that a subgroup G of an R -factorizable topological group H is Rfactorizable if and only if G is z-embedded in H. In [8] , M. Sanchis and M. Tkachenko proved that a z-embedded subgroup of an R i -factorizable paratopological group is R ifactorizable, for i = 1, 2, 3 [8, Theorem 3.12] and posed the following question:
In this paper, we give a positive answer to the above question (see Theorem 2.11). Let X be a space with a topology τ . Then the family { Int U : U ∈ τ } constitutes a base for a coarser topology σ on X. The space X sr = (X, σ) is called the semiregularization of X. The following very useful result was proved by Ravsky in [6] (see also [15, Theorem 2.2]): Theorem 1.5. Let G be an arbitrary paratopological group. Then the space G sr carrying the same group structure is a T 3 paratopological group. If G is Hausdorff, then G sr is a regular paratopological group.
The spaces we consider are not assumed to satisfy any separation axiom, unless the otherwise is stated explicitly. Further, T 3 and T 3.5 do not include T 1 , while 'regular' and 'completely regular' mean T 3 + T 1 and T 3.5 + T 1 , respectively.
Main results
In this section, firstly, we prove that every continuous d-open homomorphism preserves the R-factorizablilties in paratopological groups.
To prove Theorem 2.1, we need establish some facts as following. A real-valued function f on a paratopological group G is left (resp. right) ω-quasiuniformly continuous if, for every ε > 0, there exists a countable family U of open neighbourhoods of the identity in G such that for every x ∈ G, there exists U ∈ U such that |f (x) − f (y)| < ε whenever x −1 y ∈ U (resp. whenever yx −1 ∈ U ) [ 
If G has property ω-QU , then so is H Proof. Let k : H → R be a continuous function. Fix ǫ > 0. Since G has property ω-QU , there is a family {V n : n ∈ ω} such that for each g ∈ G there is n 0 ∈ ω satisfying that
• : n ∈ ω} is the open neighbourhoods of the identity in H. Now we shall show that the family {f (V n )
. This implies that H has the property ω-QU .
Take a g ∈ G such that h = f (g). Then there is n 0 ∈ ω satisfying that
Hence
Hence we have shown that
The following result was proved in [19, Lemma 4.2] . For the sake of completeness we give out the proof. 
Let ϕ G,2 : G → H be a continuous surjective homomorphism of semitopological groups. The pair (H, ϕ G,2 ) is called a T 2 -reflection of G if H is a Hausdorff semitopological group and for every continuous mapping f : G → X of G to a Hausdorff space X, there exists a continuous mapping h : H → X such that f = h • ϕ G,2 . We denote by T 2 (G) the T 2 -reflection of G, thus omitting the corresponding homomorphism ϕ G,2 [16] . The mapping ϕ G,2 is called the canonical homomorphism of G onto T 2 (G). 
Proof.
(1) According to Lemmas 2.5 and 2.6 it is enough to show that f : G sr → H sr is continuous. Take any x ∈ G and any open neighbourhood U of f (x) in H sr . Without loss of generality, we can assume that U is a regular open set in H, i.e., U • = U . Since H is a Hausdorff paratopological group, according to Theorem 1.5 there is a regular open neighbourhood V of f (x) such that the closure of V in H is contained in U . Noting that f : G → H is continuous, there is an open neighbourhood W of x in G such that f (W ) ⊆ V . Clearly, the set W
• is regular open in G and contains x. Now we shall show that f (W • ) ⊆ U , which implies that f : G sr → H sr is continuous. In fact, this directly follows from the following fact
(2) Since T 2 (G) is the T 2 -reflection of G and T 2 (H) is Hausdorff, there is a continuous functionf : Next, we shall give an positive answer to Question 1.4. Recall that a paratopological group G is ω-narrow if for each open neighbourhood of the identity in G there is a countable subset A of G such that AU = U A = G. A paratopological group G is called totally ω-narrow if G is a continuous homomorphism image of an ω-narrow topological group. It is well known that every regular totally ω-narrow paratopological group G has countable index of regularity, i.e., Ir(G) ≤ ω [9, Theorem 2], and evrey totally ω-narrow first countble paratopological group has a countable base [7, Proposition 3.5] . Since a continuous homomorphic image of a totally ω-narrow paratopological group is totally ω-narrow [7, Proposition 3.4] , form the proof of [14, Theorem 3.6] one can obtain the following result: Lemma 2.9. Let G be a regular totally ω-narrow paratopological group. Then for each open neighbourhood U of the identity e in G, there are a continuous homomorphism p U : G → H onto a second-countable regular paratopological group H and a neighbourhood V of the neutral element in H such that p
Proof. Let Z be a zero-set in H. Then there is a continuous function f : H → R such that Z = f −1 (0). Since H is R-factorizable, there are a continuous homomorphism h on H onto a regular second paratopological group K, and a continuous function g : K → R such that f = g • h. Let {O n : n ∈ ω} be a base at the identity in K. Then the family {h −1 (O n ) : n ∈ ω} is a countable open neighbourhood of the identity in H. Since G is regular totally ω-narrow, by Lemma 2.9, for each n ∈ ω there are a continuous homomorphism p On : G → F On onto a second-countable regular paratopological group F On and a neighbourhood V On of the neutral element in F On such that p
Let p be the diagonal product of the family {p On : n ∈ ω}. Then p(G) is a metrizable paratopological group. Since p
−1
On (V On ) ∩ H ⊆ h −1 (O n ) and {O n : n ∈ ω} be a base at the identity in K, we have that kerp ∩ H ⊆ kerh, where kerp and kerh are the homomorphism kernels of p and h, respectively. Hence there is a natural homomorphism
Now we shall show that the homomorphism j : p(H) → K is continuous. In fact, it is enough to show that j is continuous at the identity of p(H). Take any open neighbourhood W of the identity in K. Since {O n : n ∈ ω} is a base at the identity in K, there is O i ∈ {O n : n ∈ ω} such that O i ⊆ W . Observing that
where
is the projection of the ith factor. Since h = j •p| H , we have that j(π
is a open neighbourhood of the identity in p(H), and therefore j is a continuous homomorphism.
Since
Since p(G) is a metrizable space and A is a closed set in p(G), A is a zero set in p(G). Hence, p −1 (A) is a zero set in G. The proof is finished.
Theorem 2.11. Let G be a regular R-factorizable paratopological group. Then every subgroup H of G is R-factorizable if and only if H is z-embedded in G.
Proof. Since a z-embedded subgroup of an R i -factorizable paratopological group is R ifactorizable, for i = 1, 2, 3 [8, Theorem 3.12], by Theorem 1.2 the sufficiency is proved.
Necessity. Since every regular paratopological group is completely regular [1, Corrollary 5] and every completely regular R-factorizable paratopological group is totally ω-narrow [18, Proposition 3.10], the statement directly follows from Proposition 2.10.
It is clear that every retract of a space X is z-embedded in X. Note also that if G is a paratopological group and H is an open subgroup of G, then H is a retract of G. Indeed, in every left coset U of H in G, pick a point x U ∈ U . Define r : G → H in the following way: if g ∈ H, then r(g) = g; if g ∈ U and U = H, then r(g) = x −1 U g. Since the left cosets are open and disjoint, the continuity of r is immediate. From these two observations we deduce the following result Corollary 2.12. Let G be a R-factorizable paratopological group and H is retract of G. Then H is R-factorizable. Corollary 2. 13 . Every open subgroup of R-factorizable paratopological group is Rfactorizable.
